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Abstract

The role of cryptocurrencies as a vehicle for speculation has been well established. However, it
is less clear if cryptocurrencies can also serve to manage risk. The authors seek to determine
the diversification potential of cryptocurrencies both for short and long horizons. For short
horizons, they estimate correlations that consider the direction and magnitude of returns for
relevant asset classes, rather than focus on full-sample correlations, as is customary. For long
horizons, they compute “single period correlations,” which capture the extent to which
cryptocurrencies move synchronously or drift apart from other assets over an investor’s
horizon. They also identify utility-maximizing allocations to cryptocurrencies directly from
historical return samples that account for all features of the data as well as more nuanced
preferences than typically assumed.



TAKEAWAYS

Full-sample correlations reveal little about an asset class’s diversification potential because they
do not distinguish upside correlations from downside correlations, nor do they consider the
magnitude of returns.

Correlations estimated from shorter-interval returns do not necessarily reflect the co-
movement of longer-interval returns.

To evaluate the diversification potential of cryptocurrencies, investors should consider the
direction and magnitude of returns over the short term, and the extent to which
cryptocurrencies move synchronously or drift apart from other asset classes over the long term.



THE ROLE OF CRYPTOCURRENCIES IN INVESTOR PORTFOLIOS

Part 1: Introduction

Cryptocurrencies have attracted widespread interest among private investors and even some
hedge funds as a vehicle for speculation. However, institutional investors such as endowment
funds, pension funds, and sovereign wealth funds have allocated only small amounts to
cryptocurrencies. Their reluctance to invest meaningfully in cryptocurrencies can be traced to a
variety of concerns. Cryptocurrencies have displayed significant volatility, they are not backed
by a sovereign entity, and their value is not tied to any fundamental source, such as a stream of
cash flows. Therefore, their benefit to institutional investors, assuming speculation is not the
primary motive, rests largely on their potential to diversify a portfolio.

But diversification is a complex topic, even for traditional asset classes. It is not enough
to calculate the correlation of daily or monthly returns, for example, and conclude that asset
classes with low average correlations are good diversifiers while those with high correlations
are not as good. It is important to focus on an asset class’s correlation with other asset classes
when they are performing poorly separately from when they are performing favorably, as well
as the magnitude of these directional returns.

But even if an asset class displays a favorable correlation profile based on short-term
returns, most investors care as much, if not more, about how asset classes interact over long
horizons. An asset class that moves independently or even inversely with a portfolio’s main

growth engine on a daily or monthly basis, but which also drifts in the same direction over the



course of the investor’s investment horizon, does little to mitigate adverse long-term
performance.

Unfortunately, the longer-horizon interaction of asset classes is difficult to measure for
two reasons. First, if the autocorrelations of either asset class or the cross-correlations
between them are non-zero at any lag, correlations based on shorter-interval returns will
misestimate the correlation of longer-interval returns. Second, the correlation of longer-
interval returns, whether they are estimated as independent observations or overlapping
observations, vary through time. We must therefore employ a new measure of co-movement
called a single period correlation to capture the longer-term interaction of asset classes.

We organize the rest of the paper as follows. In Part 2, we address high frequency
diversification by analyzing daily and monthly returns. We first describe how we measure
conditional correlations in a way that controls for the mathematical bias that occurs from
eliminating a non-random part of the return sample. We then present conditional correlation
matrixes that comprise four asset classes: US stocks, US Treasury bonds, gold, and
cryptocurrencies. In Part 3, we turn our attention to longer-horizon correlations. We begin by
presenting evidence of the extent to which shorter-horizon correlations misestimate longer-
horizon correlations. We then describe mathematically the relation between the correlation of
shorter-interval returns and the correlation between longer-interval returns. Next, we provide
evidence of the time variation of correlations estimated from longer-interval returns, thereby
disqualifying them as a reliable measure of an asset class’s diversification potential. We resolve
these issues by describing a new measurement of co-movement called a single period

correlation, and we describe how it is related to the Pearson correlation. We then estimate this



correlation for US stocks and cryptocurrencies based on monthly, annual, and triennial return
intervals. Then in Part 4, we employ a procedure called full-scale optimization, which implicitly
considers correlation asymmetry as well as complex investor preferences, to illustrate the
optimal allocation to cryptocurrencies across a range of expectations and preferences. We

summarize the paper in Part 5.

Part 2: Conditional Correlations for Investors with Short Horizons

Correlations, as typically measured over the full sample of returns, often misrepresent an asset
class’s potential to diversify other asset classes in a portfolio when diversification is most
needed; that is, when the portfolio’s main growth engine delivers significant losses. Moreover,
upside diversification is undesirable. Investors should seek unification on the upside.
Therefore, to evaluate the relevant diversification potential of cryptocurrencies, we must
condition our estimate of their correlations on return samples when other important asset
classes perform poorly. But it is not straightforward to do so. Correlations estimated from sub-
samples are biased even if the returns are jointly normally distributed owing to the

mathematics of correlations.

Consider a joint normal distribution with equal means of zero percent, equal volatilities
of 15 percent, and an unconditional (full sample) correlation of 50 percent. Suppose we
condition the correlation only on returns below a certain threshold for the x variable, as

illustrated in the right panel of Exhibit 1.



Exhibit 1: Full Sample and Partial Sample Returns

Full Sample

Partial Sample (x < -9)

A

xV

The correlation of this subset of observations is only 20%. This reduction arises because

opposing extreme values are more highly correlated than observations that are more like each

other. When we exclude the opposing extreme values in our calculation, the correlation goes

down, but it does not suggest that the variables co-move less when the x variable’s values are

below the chosen threshold. To determine if an asset class offers more or less diversification

than suggested by its full-sample correlation when the other asset class is performing poorly,

we must account for this bias.? We do so by first simulating the change in the correlation from

a full sample to a partial sample assuming normality and given the same means, standard

deviations, and correlation of the empirical full sample. We then compute the empirical

difference between the full-sample correlation and the partial-sample correlation. The

difference in these differences measures the extent to which an asset class offers more or less

diversification than its full-sample correlation indicates.



We perform the same exercise for partial samples in which a chosen asset class
performs above a chosen threshold, in which case we hope to find that the correlation goes

down less than the reduction that would occur normally by excluding part of the return sample.

We consider four asset classes in our analysis: US stocks, Treasury bonds, gold, and
cryptocurrencies.? We base our analysis on daily and monthly returns beginning June 30, 2011
and ending December 31, 2020. We include US stocks because investors typically employ them
as the main growth engine for their portfolios. We include Treasury bonds because investors
include them as the main diversifying asset class for their portfolios. We include gold because
investors often resort to gold during periods of severe financial stress. And we include
cryptocurrencies to determine what role they might provide in helping investors manage risk.

Exhibit 2 lists the indexes we use to represent these asset classes.

Exhibit 2: Asset Classes and Indexes?

Asset Classes Indexes

US Stocks S&P 500 Index

Treasury Bonds Bloomberg US Long Treasury Index
Gold S&P GSCI Gold Index
Cryptocurrencies Bitcoin Spot Price

We define the return thresholds based on US stock performance, because as we

mentioned earlier, most investors deploy US stocks as their portfolios’ main growth engine.



Our focus therefore is to measure the extent to which other asset classes offer diversification

when US stocks perform poorly and unification when they perform well. We focus first on daily

returns.

Exhibit 3 shows the asset class correlations when US stocks experience negative returns.

Exhibit 3: Correlation of Daily Returns with US Stocks

US Stock Returns < 0%

Treasury Crypto-
Bonds Gold currencies
Full Sample -0.42 0.02 0.11
Normal: Daily Stocks < 0% -0.26 0.00 0.07
Empirical: Daily Stocks < 0% -0.34 -0.02 0.15
Empirical minus Normal -0.07 -0.02 0.08

The first row of Exhibit 3 presents correlations with US stocks based on the full sample

of daily returns. The second row shows how these correlations change for normally distributed

returns when we exclude that part of the sample when US stock returns are positive — what we

referred to earlier as correlation bias. The third row shows how the correlations change from

the full sample to the partial sample given the empirical return distributions. The final row

shows the incremental change in the correlations beyond the effect of correlation bias. A

negative value indicates that diversification is greater than what is indicated by the full-sample

correlation when US stock returns are negative, and a positive value indicates that there is less

diversification than what the full sample indicates. After controlling for the bias, we observe



that when US stocks have negative returns, Treasury bonds and gold offer greater

diversification benefits to US stocks.

Exhibit 4 summarizes the incremental change in the correlations with US stocks beyond
the effect of correlation bias (bottom row of Exhibit 3) based on daily returns with thresholds of
0% (already shown in Exhibit 3), negative one standard deviation, and negative two standard

deviations for US stock returns, and for monthly returns with the same thresholds.

We see that the larger the loss in US stocks, the greater the co-movement between
stocks and cryptocurrencies. This relationship is generally consistent across both frequencies

and is magnified in daily returns.

Exhibit 4: Incremental Changes in Correlation with US Stocks for Downside US Stock Returns

Empirical minus Normal

Treasury Crypto-
Bonds Gold currencies
Daily Stocks < 0% -0.07 -0.02 0.08
Daily Stocks <-1o0 -0.03 0.04 0.23
Daily Stocks <-20 0.00 0.11 0.28
Monthly Stocks < 0% -0.08 -0.04 0.08
Monthly Stocks < -1o0 -0.06 0.14 0.13
Monthly Stocks < -20 -0.10 -0.47 0.09

Exhibit 5 shows the same information as Exhibit 4, but this time for upside US stock
returns. In Exhibit 5, we would like to see positive differences between the empirical values

and values associated with a normal distribution.



Exhibit 5: Incremental Changes in Correlation with US Stocks for Upside US Stock Returns

Empirical minus Normal

Treasury Crypto-
Bonds Gold currencies
Daily Stocks > 0% -0.02 0.04 0.01
Daily Stocks > 1o -0.07 0.14 0.22
Daily Stocks > 20 -0.03 0.19 0.29
Monthly Stocks > 0% 0.14 0.22 -0.10
Monthly Stocks > 1o 0.47 0.10 -0.06
Monthly Stocks > 20 0.74 0.42 0.35

On the upside, and especially for larger moves in daily returns, cryptocurrencies have

the most favorable correlation to stocks.

Part 3: Single Period Correlations for Investors with Long Horizons

As we mentioned previously, investors care as much, if not more, about how the main growth
and defensive components of their portfolios co-move over the full extent of their investment
horizon as they do about how they co-move daily or monthly. To address this issue, we focus

on the correlation of one- and three-year returns.

The conventional approach for forecasting the correlation of one- or three-year returns
is to extrapolate the correlation of monthly returns from a recent historical sample. This
approach assumes that correlations are invariant to the return interval used to estimate them.
However, this invariance would only be true if the returns of the asset classes were each serially

independent at all lags and if their lagged cross correlations were also zero at all lags. For many

10



asset classes these implicit assumptions are not borne out by historical evidence. Exhibit 6
offers evidence of the divergence of correlations estimated from high frequency and low

frequency observations.

Exhibit 6: Correlation of Cryptocurrencies and US Stocks

June 2011 through December 2020

0.76

Monthly Annual Triennial

This divergence in correlations across different time intervals could arise if short-term
returns respond similarly to a given factor, whereas long-term returns drift apart in response to
a different lower frequency influence. Equation 1 shows how the correlation of longer-interval

returns is mathematically related to the correlation of shorter-interval returns.
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p(X¢ + -+ Xt+q-1, Ye Tt Yt+q—1) = (1)

In Equation 1, p(X¢ + -+ X¢yq-1, Y¢ + - + Yi+q-1) is the correlation of the

cumulative continuous returns of x and y over g periods.

The numerator of Equation 1 equals the covariance of the assets taking lagged cross
correlations into account, whereas the denominator equals the product of the assets’ standard
deviations taking their autocorrelations into account. To apply this equation, we would need to
estimate the autocorrelations of stocks and bonds at all lags as well as their lagged cross

correlations at all lags, which would be unduly cumbersome.?

Alternatively, we can calculate the correlation of independent one- or three-year
returns, but this approach has two drawbacks. First, the estimate of the correlation is highly
sensitive to the start date of the first observation. And second, the correlations are unlikely to

be constant across a long history.

These problems might lead us to consider using overlapping observations to calculate
longer-horizon correlations, but this approach, while mitigating the start-date problem, is still

subject to issues of time variation.

Therefore, we need an approximation of the correlation of returns that captures the
extent to which these returns move synchronously or drift apart during each one- or three-year

period. Just as each single return observation for an asset class differs from its long run average

12



returns, the co-movement of asset classes during each one- or three-year period differs from

how they co-move on average over the long run.

Equation 2 captures the co-movement of the cumulative return of two asset classes for
a chosen period considering the average co-movement of the asset classes over the full sample
of those periodic returns.®
Txt—Hx\(Tyt— KRy
(=25

Tx,t—llx)z + (Ty,t—ﬂy)2> (2)

ox ay

single period correlation,(x,y) = 1((

2

In Equation 3, 7 and 7;, equal the cumulative return of the two asset classes over a
chosen period, u,and u, equal the long-run arithmetic average return of the asset classes, and

o, and g,, equal the standard deviation of returns with the same periodicity.

We refer to this measure as a single period correlation, because it measures the co-
movement of the cumulative returns of the asset classes for a single period rather than the
average correlation of those periodic returns over the full sample. Each single period
correlation will differ from the long run average correlation based on the period specific co-

movement of the asset classes.

For example, as shown in Exhibit 7, if the z-scores of the two asset classes are identical
for the period, the single period correlation will equal 1. If they are exactly opposite, the single
period correlation will equal —1. If they have the same sign but different magnitudes, the single
period correlation will be between 0 and 1. And if they have different signs and different

magnitudes, the single period correlation will be between —1 and 0. It is important to note that
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even though this measure relies on means and standard deviations estimated from the full

sample of all returns, it informs us about the co-movement of the two asset classes for a single

period.

Exhibit 7: Illustration of Single Period Correlation

Average return of xand y = 7.5% and 2.5%, respectively
Standard deviation of x and y = 15% and 5%, respectively

20% x=37.5%
y=7.5%

xz-score =(37.5%-7.5%)/15% =2

yz-score= (7.5%-2.5%) /5% =1

Single period correlation =(2x 1)/ ((22 +12)/2)=0.8

@B
®A

x=15%

0% y=5%

° x z-score =(15%-7.5%)/15% =0.5
yz-score = (5%-2.5%) /5% =0.5 ®C

= 9
Single period correlation =(.5 x.5) / ((.52 +.52)/ 2)=1 xreturn =22.5%

yreturn=-2.5%
xz-score =(22.5%-7.5%)/15% =1
yz-score = (-2.5%-2.5%) /5% =-1
Single period correlation =(1 x-1) / ((12 +12)/2)=-1

-20%
-100% -40% 20% 80%

The single period correlation is related to the correlation of a time series of asset class
returns, which is called the Pearson correlation, in a precise mathematical way. It equals a
weighted average of the single period correlations throughout the sample, where the weights

equal the informativeness of each period’s returns.
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Correlation(x,y) = %Z’t"zl(informativenesst X single period correlation;) (3)

Here, N equals the number of return periods in the sample and informativeness; and
single period correlation; are based on asset class returns ending at time t. In this context,
informativeness is defined as the average of the squared z-scores of asset class returns for a
given period. This calculation acknowledges that patterns of co-movement among variables are
more meaningful when their magnitudes are large, as those observations are more likely to

reflect events as opposed to noise.

If, in Equation 3, we re-write informativeness as the average squared z-score of asset
class returns and substitute equation 2 for single period correlation, the correlation then

becomes:

1 N R Ty ety \ 2 (Tx:_;——ﬂx)(ryz——lly)
Correlation(x,y) = ~ N 5(( oL x) +(y’t y) > X = - (4)

Ox oy 1 (Tx,t—ux)z +((2tHy z
2 Ox oy

This expression simplifies to the average product of asset class z-scores over the full
sample, which is equivalent to the full sample covariance of asset class returns divided by the
product of their full sample standard deviations, the formula commonly used to measure a time

series correlation.
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Correlation(x,y) = % N <(Tx,t—ux) (ﬁat‘“y)) _ Cov(xy) (5)

The bottom line is that the single period correlation is a better representation of the
correlation of one- or three-year returns than the correlation of monthly returns because it
captures the drift of asset class returns whereas the correlation of monthly returns does not.
And it is better than the correlation of either independent blocks of one- or three-year returns
or overlapping returns because it captures the time varying nature of the correlation whereas

the full-sample correlation does not.

Exhibit 8 presents single period correlations between US stocks and cryptocurrencies for
monthly, annual, and triennial return periods. For each return interval, we report the single
period correlation for each observed return of that periodicity from June 2011 through
December 2020. All observations are monthly. For reference, the dotted lines show the
Pearson correlations (also reported in Exhibit 6) which, as described previously, represent

average single period correlations across the full sample.
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Exhibit 8: Single Period Correlations between US Stocks and Cryptocurrencies

Monthly Returns
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Exhibit 8 highlights the time-varying nature of correlations. Though the average
correlation between US stocks and cryptocurrencies is positive across all three return intervals,
there are individual periods with highly divergent returns between the two assets. Moreover,
the relationship between their three-year returns experienced a structural shift in 2018. Prior
to 2018, their long-term co-movement was consistently positive; since then, it has often been

negative, including over the most recent three-year period ended December 2020.

Part 4: Full-Scale Optimization for Investors with Short Horizons

In Part 2, we presented conditional correlations to indicate the potential of cryptocurrencies to
diversify against adverse US stock returns and to unify with US stocks when they perform
favorably. Although this information is helpful for understanding their potential to improve a
portfolio’s return and risk profile, it does not explicitly reveal how much to allocate to
cryptocurrencies. We therefore employ a technique called full-scale optimization to determine
the optimal allocation to cryptocurrencies given a set of assumed investor beliefs and
preferences. Unlike mean variance analysis, which assumes that returns are either elliptically
distributed or that investor preferences can be described by just mean and variance, full-scale
optimization accounts for all features of the data, including how correlations vary across sub-

samples, and it accounts for preferences that depend on higher moments.

Here is how it works. We specify a utility function and a historical return sample for the
asset classes we wish to consider. Next, we select a potential allocation and compute the utility

of that allocation for all the periods in our return sample, given a specified utility function. We
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then compute the average utility across all periods. Next, we select another set of allocations
and compute its average utility across all periods. We proceed in this fashion, testing
alternative portfolio combinations systematically (typically about 275,000), to be reasonably
confident that one of them offers the highest possible utility given the return history and utility

function.

In our analysis, we model investor preferences to include both aversion to losses and a
preference for speculative gains. These elements capture the two reasons an investor may
choose to invest in cryptocurrencies: diversification and speculation. To model risk aversion,
we assume kinked power utility, where the kink corresponds to a dramatic decline in utility for
losses below a specified level. To reflect a lottery preference, we assume that utility jumps at a
specified return level. We introduce a jump in preferences to reflect the notion that an investor

derives new benefits beyond a certain level of wealth that would not occur incrementally.

Equation 6 describes these preferences as a function of portfolio returns (x):

(1+x)17Y-1

v(x —6;) + P— x < 6,
1-y_
Ux) = —(H?_y L, 6, <x<6, (6)
. (1401771
Jj+ 0, X =0,
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Here, v is the risk aversion coefficient, 8, indicates the location of the risk aversion kink,

v the steepness of the loss aversion slope, j the lottery jump, and 6, the location of the lottery

kink.

Exhibit 9 shows the utility associated with different levels of portfolio return. For this
illustration, we set the risk aversion coefficient (y) equal to 5, the risk aversion kink (6, ) equal
to -10%, the risk aversion slow (v) equal to 5, the lottery jump (j) equal to 0.20, and the lottery
kink (6,) to 50%. We calibrate these parameters to deliver roughly a 60/40 allocation to US

stocks and Treasuries in the absence of cryptocurrencies.

Exhibit 9: Kinked Utility Function with Lottery Preference

Utility
N

-50% 0% 50% 100%

Monthly portfolio return

Next, we apply full-scale optimization and the specified utility function to monthly

returns for US stocks, Treasury bonds, gold, and cryptocurrencies for the period beginning June

20



2011 through December 2020.5 We vary the degree of lottery preference by modeling a range
of lottery kinks (from 20% to 90%). Moreover, we consider a range of expected returns for
cryptocurrencies (from 0% to 100% per year).” Exhibit 10 reports the optimal allocations to
cryptocurrencies for various combinations of expected return and lottery preference. We also

report the results for an investor with kinked utility and no lottery preference.

Exhibit 10: Optimal Allocations to Cryptocurrencies

Location of Lottery Preference

20% 30% 40% 50% 60% 70% 80% 90% | None
0% 5 0% 0% 0% 0% 0% 0% 0% 0%
10% 5 0% 0% 0% 0% 0% 0% 0% | 0%
20% 5 0% 0% 0% 0% 0% 0% 0% | 0%
Bitcoin 30% 5 7% 1% 1% 1% 1% 1% 1% 1%
Expected | 40% 5% 7% 9% 2% 2% 2% 2% 2% 2%
Return 50% 5% 7% 9% 3% 3% 3% 3% 3% 3%
(peryear)| 60% 12% 7% 9% 11% 4% 4% 4% 4% | 4%
70% 12% 7% 9% 11% 14% 6% 6% 6% 6%
80% 2% 7% 9% 11% 14% 16% 7% 7% | 7%
90% 12% 18% 9% 12% 14% 16% 18% 9% | 9%

100% 12% 18% 11% 12% 14% 16% 18% 20% | 11%

Exhibit 10 reveals that a lottery preference for returns above 20% supports some
exposure to cryptocurrencies even if they are not expected to generate a positive return.
Without a lottery preference, however, investors require cryptocurrencies to return at least

30% to support an allocation to them. In general and as expected, the optimal allocation to
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cryptocurrencies falls with increases in the lottery threshold and rises with increases in
expected return. Of course, these results are specific to our specification of utility as well as the

return sample we used for our analysis.

Part 5: Summary

We evaluated the role of cryptocurrencies in investor portfolios. We first considered the
diversification potential of cryptocurrencies for investors with short horizons. We argued that
an unconditional correlation might not give a good indication of an asset’s diversification
potential because it fails to consider the direction and magnitude of returns. We therefore
reported correlations conditioned on the performance of US stocks because investors usually
include US stocks as the main growth engine of their portfolios. Although cryptocurrencies
performed well when US stocks performed well, they also moved in tandem with US stocks
when stocks performed poorly. This correlation profile suggests that cryptocurrencies do not

offer protection for investors with short horizons.

We then considered the diversification potential of cryptocurrencies for investors with
long horizons. We offered evidence that correlations estimated from monthly returns
misrepresent the correlation of annual and three-year returns. And we argued that average
correlations estimated from longer-interval returns are unreliable because they vary through
time. We therefore introduced the single period correlation to measure the extent to which
returns move synchronously or drift apart over a particular long horizon. Based on this analysis,

we showed that, although cryptocurrencies drifted in the same direction as US stocks over
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three-year intervals up to 2017, since then their co-movement has fluctuated between drifting
together and drifting apart. During the most recent three-year period in our sample (January

2018 — December 2020), cryptocurrencies and US stocks have drifted apart.

Finally, we employed a portfolio formation technique called full-scale optimization to
determine the optimal allocation to cryptocurrencies, given historical returns, various expected
returns, and a utility function that assumes investors are especially averse to losses below a
specified threshold but have lottery preferences above other thresholds. This approach to
portfolio construction considers every feature of the return sample as well as the nuances of a
complex utility function. Our analysis revealed that a lottery preference was sufficient to
support some allocation to cryptocurrencies as long as their expected return was not negative.
However, without a lottery preference, investors require an annualized expected return of at

least 30% to support allocation to cryptocurrencies.

Our analysis is based on a single pass through history; therefore, one should not draw
immutable conclusions from it. Instead, we suggest that investors treat our analysis as a

template for continued evaluation of this important topic.
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Appendix A: Closed-form Solution of Conditional Correlation for Bivariate Normal Distribution
Let X = (x,y) ~ N(0,Y)) where Y has unit variances and unconditional correlation p. We
define the correlation of x and y conditional on observations for which x < h as

Cov(x,y | x <h) My — MyoMyoy

Corr(x,y|x < h) = =
JVar(x|x <h)Var(y |x <h) +/(my, — m?,)(my, — m2,)

Let L( - ) denote the cumulative density of a truncated bivariate normal distribution, then

_x2-2pxy + y*?
2(1-p»)  dxdy

)
-] [

— co —

_x2-2pxy +y?* + p2x? — p?x?

2(1-p%) dx dy

h o
1
- f [OZH\/I—pZe

— co —

_=p0)?+ (1-p*) x?
2(1-p?) dx dy

h o
1
__[o_[o 2n\/1—pze

2

_(y—px)*  x*
2

2(1-p?)

h co
1
= —e dx dy
f jo-o 21 /1 — p?

— co —

[=e 1 5%
= e 2 dx f—e 2(1-p%) dy
2 | V2m /1 - p?

. . - d . e
With a change of variables, z = jl_pxz and dz = \/% , the equation above simplifies to
-p -p

- fh 12 f ey
= —— e 2 dx e 2 dz
_MVZH _OOVZn
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Going forward, we will denote L(h) as @(h). Next, we derive the moments. By definition, m;,

are:
xi x2
m;, ®(h) = e 2 dx
V2m
Fori=1,2:
1 h?
®(h)ymy = — e 2
10 o
h h?
®(h) myy = @(h) — e~ 2
20 o
x2 - y (y(—px)zz)
= 2 _— 2(1-p
®(h) my; = \/_ e dx __[o NS e dy
h 2
h
= f 2 (px)dx = — p e 2
J V2m
(1w oy Gy
= - -p
@ (h) mo; _[Om e 2 dx _f NS e dy
h
1 x 2 2,2
= fme 2 (1—=p°+ p°x°)dx
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h xz 52
= (1 -p?) @(h) + p? f e 2 dx
1-=p*)@(h)+p 7o
(1-p2) & (k) + p? [cp(h) L
= 1d- + - e 2
p P o
2 2
p“h _hr*
= ¢(h) — e 2
(h) o
h X x2 < y _(y(—px)zz)
®(h)my; = f—e“de f—e 2(1-p%) dy
H J N2m J V21— p?
h
fl _x? 2 4 [qb(h) h _r?
= e 2 px’dx = — e 2
_DOVZn P P V2

In this final step we substitute the moments in and obtain the conditional variances and

covariance.

1 | h h? 1

= - 2 = — - Sz - -
Var(x | x < h) = my, — mi, o (h) _(D(h) V2n e 2m @ (h) ¢
1 T p?h _h% p? 2 |
_ a2 = — 2 ———— e h
Var(y|x <) = mo; = my = g | @) = — ¢ 2n ) ¢
1 ph _n* p -
Covlry lx <h) = may = mugmos = Gz |p @) =2 72 = gy e

=pVar(x|x < h)

The conditional correlation is then defined as:
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Cov(x,y|x < h)
\/Var(x | x < h)Var(y|x < h)

Corr(x,y|x < h) =

Var(x | x < h)
=p
\/Var(x |x <h)Var(y|x < h)

h _h 1 2
Var(x | x < h) ®(h) - Ner i 2 T o(h) ©
=p 2
Var(y | x < h) p2h _ % p? _ 2
d)(h) — m e 2 — m e

Appendix B: Distribution of Monthly Bitcoin Returns

Exhibit B1: Distribution of Monthly Bitcoin Returns

July 2011 through December 2020
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Notes

This material is for informational purposes only. The views expressed in this material are the
views of the authors, are provided “as-is” at the time of first publication, are not intended for
distribution to any person or entity in any jurisdiction where such distribution or use would be
contrary to applicable law and are not an offer or solicitation to buy or sell securities or any
product. The views expressed do not necessarily represent the views of State Street Global
Markets®, State Street Corporation® and its affiliates and/or Windham Capital Management.

References

Ang, A., and J. Chen. 2002. “Asymmetric Correlations of Equity Portfolios.” The Journal of
Financial Economics, Vol. 63, No. 3.

Czasonis, M., M. Kritzman, and D. Turkington. 2021. “The Stock-Bond Correlation.” The Journal
of Portfolio Management, Vol. 47, Number 3 (February).

Kinlaw, W., M. Kritzman, and D. Turkington. 2014. “The Divergence of High- and Low-Frequency
Estimation: Causes and Consequences.” The Journal of Portfolio Management, Special 40t
Anniversary Issue.

1 See Appendix A for the closed-form solution of conditional correlations.

2 We base our empirical analysis on Bitcoin returns because it has the longest return history and because all
cryptocurrencies are highly correlated with each other.

3 All data is obtained from Datastream. Bitcoin spot prices reflect the exchange rate on Bitstamp at 5pm EST. Prior
to January 2012, we backfill Bitcoin with the exchange rates from Bloomberg.

4 See Kinlaw, Kritzman, and Turkington (2014) for more detail about the divergence of high and low frequency
estimation of correlations.

5> For more about single period correlations, see Czasonis, Kritzman, and Turkington (2021).

6 See Appendix B for a histogram of monthly Bitcoin returns.

7 We assume expected returns of 7.5%, 4%, and 0% per year for US stocks, Treasury bonds, and gold, respectively.
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